Quantum evolution of the Universe from r = 0. 
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We have shown that DeWitt constraint if = on the physical states of the Universe does not 
prevent Heisenberg operators and its mean values to evolve with time. Mean value from observable, 
which is singular in classical theory, is also singular in a quantum case. 

PACS numbers: 



I. INTRODUCTION 



II. RELATIVISTIC PARTICLE 



One of the first attempts to quantizy gravity were 
made by DeWitt 0. Then his equation Hip = 0, where 
H is Hamiltonian, was applied for quantizing cosmology. 
In the simplest case of isotropic and uniform Universe 
filled with scalar field the equation contains two variables: 
scale factor of the Universe and amplitude of the scalar 
field. There is no "time" in this equation, whereas we 
are interested namely in the Universe evolution in time. 
This leads to various discussions about "time disappear- 
ance" and interpretation of wave function of Universe 
. Possible solutions like to introduce time along quasi- 
classical trajectories, or subdivide Universe into classical 
and quantum parts were submitted 0. Such point of 
view can not be satisfactory. Ideally, time must exist 
independently of we consider Universe quantum or clas- 
sically. Let us remind that this situation is analogous to 
that in string theory, where constraint H=0 also exists. 
Nevertheless this constraint does not prevent evolution 
of Heisenberg operators X(cr, r) from r. 

Very short we can describe the problem as following. 
Let we have wave function ip(a, x) depending on two vari- 
ables which satisfies 

Hi>(a,x) = 0. (1) 
For evolution of some Heisenberg operator H we have 



< A(t) >=< ijj\e lHT Ae- lHT \i> > 



-iHj 



(2) 



At first sight one sees no evolution, but it is not true 
for this case. Really e~ lHr \ip >— \ip >, but we can't 
write < ijj\e lHT —< ip\. The point is that the wave 
function can not be normalized the by an ordinary way 
J ip*(a,x)tp(a,x)dxda — 1 due to constraint. In fact the 
function is unrestricted along one of the variable. For 
instance, it is a variable. So if H contains differential 
operator like i we can not remove to the left by 



habitual operation < tp\ ° 



On' 2 



Da' 2 
Pi 2 

--< ^jtV'I through the inte- 



gration by parts. As a result, is not true to apply that 
< ip\H =< Hif>\ = is valid. 

Thus we need to solve equations for Heisenberg oper- 
ators in quantum cosmology to obtain evolution of the 
Universe. In general case, solving of the equations for 
Heisenberg operators is hopeless problem, still, for the 
simplest case of two variables it be done. 



The problem of quatazation of cosmology have many 
similar features with that of the relativistic particle jjj. 
The action of the relativistic particle has the form: 



5' 



-x?,d,T. 



(3) 



The equivalent form, from which @ can be obtained by 
the varying on the lapse function e(r) is the 



S = — (e 1 x 2 — e m 2 )dT. 



(4) 



One more equivalent form, from whichQ arises after 
varying p^, has the form: 



s 



Pi + m 2 



}dr. 



(5) 



Using the reparametrisation invariance [f| we can 
choose the lapse function equals to e = 1/m, so from 
the last equation one can see that Hamiltonian is equal 



to if = 



P u +m 



and, besides, varying on e gives constrain 
H = 0. After quantization 



V] = ig^ 



d 

f = {i,p} = t l Q- t >- lV } 



the constrain becomes the Klein-Gordon equation. Com- 
muting the position and four-momentum operators with 
the Hamiltonian one obtains Heisenberg equation of mo- 
tion: 



dx^ 



dr 

Evident solution of the equation of motion is 

m 

where x(0) = x and p(0) = p. As we see two "times" 
appears in the above equations. We shall refer to the 



2 



t(r) as "physical time" and to the r as a "proper time". 
Physical time is operator, whereas proper time is some 
parameter " always running forward" like time in Newto- 
nian physics. 

One can easy check that the wave function satisfy- 
ing Klein-Gordon equation can't be normalized through 
the integration d A x |3(, however, it can be normalized 
through the time-like component of the conserved four- 
current: 

< V# >= -i [{i>(r,t)d t i>*{r,t)-(dtip(r,t)W*(r,t)}d 3 r. 



Normalized wave packets have the form 

a(k) | 2 d 3 k = 1, 



iix) = / " We d 3 k 



where e(k) = k 2 



To avoid appearance of the states 



with negative norm we must take only positive frequency 
solutions. Using this wave packet we see that integration 
J ip*(x)ip(x)d 4: x does not converge and conclude that the 
wave function is not restricted over the t variable. As a 
consequence, Heisenberg operators evolve with r despite 
of constrain Hip = 0. 

Define now mean value of some operator A as 



< A(t) >= % 



dip* 
~dt 



A(r)ip )d i r 



(6) 



Let us note, that after integration over d 3 r in © we 
should set t = 0. This definition has the following prop- 
erties: 

1) It is consistent with the normalization of wave function 
if we choose A to be equal to the unit operator. 

2) It look like as an expression for the Heisenberg oper- 
ator mean value in the nonrelativistic picture when the 
operator acts on the wave function taken at the initial 
moment of time. 



<A(t)> 
dr 



= < 



Mr) 
dr 



> 



3) It has natural property 

4) It gives physical time value, equal to zero, when proper 
time equals to zero. 

Averaging of the Heisenberg equation of motion gives 

< i(r) >-- 



r(r) =< r > 



--< e > 

m 

T 

< P > — . 

171 



We see that physical time goes proportional to the proper 
time. It is interesting to calculate the dispersion of the 
physical time for the Gaussian wave packet a(fe) ~ e~ k 
with the — >> m 2 . Evaluating of the mean values of the 
i = i-Sr and its square gives: 



< £ > = 



J °° e{k)e 



ak' 



k 2 dk 



< £ > = 



J^e-» k2 k 2 dk 

r °° e 2 (k)e- ak2 k 2 dk 
J™e~ ak2 k 2 dk 



3 

2a' 



and we come to 



V< i 2 > - < t >' 2 
<i> 



V< £ 2 > - < £ > 2 _ /37T ! 
< £ > 1 



Thus, "particle-clock" is a bad clock when particle local- 
ized in the region less than Compton wave length. Let 
us imagine what is to be when we place this particle 
(for instance having electric charge) in the electric field. 
For this aim we consider classical picture do not having 
straight relation to the quantum picture but, still cor- 
rectly it reflecting. Let we have cloud of the particles 
with some initial dispersion of the energy placed in the 
electric field. The particles begin to accelerate in the 
electric field and receive the energies much larger than 
its initial energies, so that the energy dispersion becomes 
negligible. Similar picture holds for the quantum case 
so that the "particle-clock" from "bad clock" becomes 
"Swiss clock". 



III. QUANTUM COSMOLOGY 

We start from the Einstein action of gravity and the 
action of a one-component real scalar field: 

S = ^ J d i x^—gR + J dW^CM 2 ~ V(4>)}, 

(7) 

where R is a scalar curvature and V is a matter poten- 
tial which includes a possible cosmological constant effec- 
tively. We restrict our consideration to the homogeneous 
and isotropic metric: 



ds 2 = N 2 {r)dT 2 - a 2 (T)da 2 



(8) 



Here the lapse function N represents the general time 
coordinate transformation freedom. For the restricted 
metric the total action becomes 



S 



~2 a N 2 (t] 



- a A V{(t)) }dr, 



where JC is the signature of the spatial curvature. This 
action can be obtained from the following expression by 
varying over p a and 



S = 



P4,<j> + P a a + N(t) 



3a/C %TrG P 2 a 



12a 



+ 



2a 3 



a 6 V{(j)) }dr. 



Varying on N gives the constraint 
3a/C SnGp 2 a 



H 



8ttG 



12a 
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After quantization [a,j5 a ] = i, [cj),p^] = i this constraint 
turns into the DeWitt equation 

Hij){a,<f) = 0. 

Every time someone has scratched hands to modernize 
DeWitt constrain (as, for instance, in 6]). This imme- 
diately implies (as in classical so in quantum cases) ex- 
istence of some preferred system of reference. Although 
there are some logically consistent theories implying pre- 
ferred system of reference, for instance, Logunov rela- 
tivistic theory of gravity Q , giving adequate description 
of all the stages of Universe expansion |8J , still, we prefer 
to keep to General Relativity here and do not touch the 
constraint. 

After quantization we should to define operator order- 
ing in Hamiltonian. For the first time we take the given 
operator: 



H 



4 K 



- -2 
-Pa 



+ 



ICa 



2a 3 



+ a 3 V((f>). (9) 



In this equation we use system of units which reduce the 
number of constants. Let us to consider the wave func- 
tion in the vicinity a = 0. When a — ► the terms a 3 V((f>) 
and ICa do not influence on the form of the wave func- 
tion and it satisfy to the Hqi^ = 0, where the simplified 
Hamiltonian equals 



Hn 



i U* 1 

4 \ a 



1 



-Pa 



P\ 

2a 3 ' 



(10) 



To find evolution for small r we again may to use sim- 
plified Hamiltonian H . Evaluation of the commutators 
gives 



P^( T ) = 0; P<t>( T ) = const; 
(a 3 (r)) - = -^(p Q a + ap a ); 



(p a a + ap a )' 



-6H . 



(14) 
(15) 
(16) 



From the equation l|16(l one may conclude that the third 
derivative from the a 3 (r) is already equal to zero, so 



a 3 (r) 



- „3 



Dt + Bt 2 . Using JUJ), JTSJ, 02J) allows 



to find operator constants D and B: 



« 3 (r) 



-{p a a + ap a )T 



9 / 1 .2 .2 1 
-Pa+Pa- 

a a 




(17) 



where p a , p^ are not Heisenberg operators, but ordinary 

P°- = P<t> = — 

Evaluation of the mean value over wave packet gives 



<a 3 (r) >=Z T J(JL- + \k\)\c{k)\ 2 dk 



(18) 



It similar to the classical evolution given by the equa- 
tions: 



Explicit expression for the wave function is 



_ „l±i\k\Ak<j> 



Exactly as in the case of the Klein-Gordon equation we 
should choose only positive frequency solutions. Thus the 
wave packet 



w! I be normalized by 



r(k) " r^dk 



(11) 



'/((^-(si)'*)*-/™*" 1 - 

(12) 

As we can see a variable plays here role of the phys- 
ical time, whereas r is proper time. After finding of 
the evolution of the operators in the in the proper time 

dA }^ = i[H, A], we find mean it value: 



' Mr) =; /(i^(i(r)V) 



1 <9V 



A(r)ip )d(j) 



(13) 



pI 

2a 

Pa 



4 
2a 3 



Pa 



2a 2 



3P| 
"2a 4 ' 
const. 



(19) 



Classical evolution gives a 3 (r) = 3|p0|r. 

Next interesting quantity is mean value from the 
which ruffly is energy density of scalar field. In classics 
the quantity looks like 



2a 3 (r) 



\pA 

6r 



(20) 



and goes to infinity when r — > 0. 

For the quantum case we must to find the action of 
the operator gwhf) to the wave function i.e. to solve the 

equation a 3 (r)9(r, a, k) = a 1_ *l*l, and find 0(r, a, k) = 



a l-i\k\_ 



Explicit solution of the equation looks like 



4 



0(t, a, k) — 



i-i\k\ a i-i\k\ / 2w 3 \* |fe| 2^1 . 2i,,, 2 



3|fc|r 3|fc|r V 9r 



e^r(i- T |*| > — ) 



r 



(21) 



where T(a, z) = f^°t a 1 e t dt is incomplete Gamma reduces to the evaluation of the 
function. Finding; of the mean value of the < , > 

G a (r) 



< 



a 3 (r) 



>=t / ((l + i|fc|)a- 1+j|fe| e(r,a,A:) 



(1 -i|fc|)a- 1 - l|fc| e*(T,a,fc))|fc||c(fc)| 2 dfc 
I 



(22) 



Analysis of the asymptotic of the l|21|l shows that second 
item containing the Gamma function gives zero contri- 
bution after the integration over k and proceeding to the 
limit a — ► for any normalizable c(fc). As a result we 
have 



(23) 



From this equation we see, that this mean value is sin- 
gular as it is in the classical theory. 

The way to avoid singularity is to suggest, that the 
Universe was burn not from a point but from a " seed" of 
"size" ao. Then expression for mean value changes to 



< A(t) >= i 



1 dip 
a da 



(A(rW 



This lead to other question about underling theory giving 



J 



size of the seed. 

Now we find solution for the Hamiltonian, containing 
the the cosmological constant Vq: 



1 f* 1 , 



a a 



H = -l[P«Z + ZPa)+^+a d V . (24) 



2a 3 



Evaluating commutators in a usual way we have 

3 



■(p a a + ap a ), 



(p a a + ap a )' = 6H a - 6Va 3 , 
6(H - Va 3 Y = mV(p a a + ap a ). 



(25) 

(26) 
(27) 



Form the equations l|2tj[l and (|27|l it follows that 
(p a a + ap a )- = l8V (p a a + ap a ) and (p a a + ap a ) = 
D smh(y/T8Vo t) + B cosh(\/T8V^r), where D and B are 
some operators not depending on r. Finally arrive to 



a 3 (r) 



a 3 - 



(p a a + apa) 



dnh(TVW) 
3VW 



+ \ -(H Q - T/a 3 )(cosh(rVT8U) - 1) 



(28) 



Similar solutions for Heisenbergoperators, containing 
sinh and cosh were obtained in |&|^| • The operator given 
by l|28l) is the local one. Thus to evaluate it mean value 
according to our rule Ijl3|l we need to know the wave 
function only in the vicinity of a = 0, so we can use the 
function which is limiting value of the exact wave 



function at a — > 0. Mean values take the form 



< a 3 (r) >= 



sinh(3V2 W t) f (3 + 2 k 



< a 6 (r) >= 



V2V 
sinh(3 V^VVt) 
TV 



2 1*| 
2 



z(k)\ 2 dk 



k 2 \c{k)\ 2 dk. 



■/<a e >-<a Li >' 2 



This shows, that dispersion 
on r, exactly as in the case of the free relativistic parti- 



is not depends 



5 



cle. Thus in this model evolution of the Universe remains 
quantum all the time. This is because we do not intro- 
duce here some fundamental length. Such a fundamental 

2,2 

length appears if we take V{<p) — m ^ . One may sug- 
gest that expanding of the Universe before the Compton 
wave length 1/m is quantum, and when < a(r) > be- 
comes greater than 1/m the expansion can be described 
classically. To see this explicitly we must to find Heisen- 
berg solutions with the above potential, but it is very 
difficult problem. 



IV. OPERATOR ORDERING AND THE 
UNIVERSE REST MASS 

In the previous consideration we use some particular 
operator ordering in the equation (|l(Jfl . In the general 
case we may write the Hamiltonian in the form 



Hn 



1 + M 2 



1 1 



Pi 



2M 2 



1 



1 + M 



We see that M plays the role of the "rest mass" of the 
Universe. The equations J2HJ), 123 holds also for 

the M/0 with the corresponding Hq. It allows us to 
evaluate mean the values: 



<a 3 (r) > = 



sinh(3\/2VUT) f (3 + 2k 2 + 2M 2 ) 



2Vfc 2 + M 2 



c(k)\ 2 dk, 



< a 6 (r) >= 



(sinh(3 V^VVt) 
2V 



(k 2 + M 2 ) \c{k)\ 2 dk. 



Taking into account that J \c(k)\ 2 dk = 1 we can con- 
clude that if the Universe have rest mass much greater 
than the Plank mass (equal to unity in our units) and 
the character value of the wave vector fc, then dispersion 
of the a 3 will be negligible, exactly as in the case of the 
nonrelativistic particle, for which dispersion of physical 
time is negligible. 



CONCLUSION 



+ S- < 29 > 

To be consistent with the normalization procedure |Q 
parameter M 2 must be positive. The wave function sat- 
isfying to the HqiP = is 



a l-iVM 2 +k 2 e ik<p 



(30) 



We have considered quantum evolution of the Uni- 
verse, originated from the some fluctuation of the scalar 
field (wave packet). 
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